DYNAMICAL MORDELL-LANG CONJECTURE FOR 
BIRATIONAL POLYNOMIAL MORPHISMS ON A 2 
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Abstract. We prove the dynamical Mordell-Lang conjecture for birational 
polynomial morphisms on A 2 . 

1. Introduction 

The Mordell-Lang conjecture proved by Faltings [10] and Vojta [21] says that 
if V is a subvariety of a semiabelian variety G defined over C and T is a finitely 
generated subgroup of G(C), then V(C) f]T is a union of at most finitely many 
translates of subgroup of T. 

The following dynamical analogue of the Mordell-Lang conjecture was proposed 
by Ghioca and Tucker. 

Dynamical Mordell-Lang Conjecture ([H]). Let X be a quasiprojective vari- 
ety defined over C, let / : X — > X be an endomorphism, and V be any subvariety 
of X. For any point p G X(C) the set {n G N| f n {p) G V(C)} is a union of at 
most finitely many arithmetic progressions. 

An arithmetic progression is a set of the form {an + b\ n G N} with a, b G N 
possibly with a = 

Observe that this conjecture implies the classical Mordell-Lang conjecture in 
the case T ~ (Z, +). 

The Dynamical Mordell-Lang conjecture has been proved by Denis [7] for au- 
tomorphisms of projective spaces and was later generalized by Bell [I] to the 
case of automorphisms of affine varieties. In [3] , Bell, Ghioca and Tucker proved 
it for etale maps of quasiprojective varieties. The conjecture is also known in 
the case where / = (F(xi),G(x2)) '■ A^ — > A^ and in the case where F, G 
are polynomials and the subvariety V is a line ([IS]), and in the case where 
/ = ■ • • ,F(x n )) : A^ -> A™ if F G K[t\ (for a number field K) is an 

indecomposable polynomial which has no periodic critical points other than the 
point at infinity ([5]) and V is a curve. 

Our aim is to prove the Dynamical Mordell-Lang conjecture for birational 
polynomial morphisms on A 2 . 

Theorem A. Let K be any algebraically closed field of characteristic 0, and 
f : A 2 K — > A|- be any birational polynomial morphism defined over K . Let C be 
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any curve in K 2 K , and p be any point in A 2 (K). Then the set {n e N| /"(p) 6 C} 
is a union of at most finitely many arithmetic progressions. 

In the case the map is an automorphism of A 2 K of Henon type ( see [12]) the 
this result follows from [3]. Our proof provides however an alternative approach 
and does not rely on the construction of p-adic invariant curves. 

Recall that the algebraic degree of a polynomial transformation f(x,y) = 
(fi(x,y),f 2 (x,y)) is defined by deg/ := max{deg/ 1 ,deg/ 2 }. The limit X(f) := 
lim n _ s>00 (deg f n y/ n exists and we refer to it as the dynamical degree of / (see 
[U [9]). Our proof shows that when A(/) > 1, then Theorem A holds for fields of 
arbitrary characteristic. 

Note however that our Theorem A does not hold when charfT > and A(/) = 1 
(see [U Proposition 6.1] for a counter-example). 

Let us explain our strategy to prove Theorem A. By some reduction arguments, 
we may assume that K = Q. 

If we exclude some special cases, for a birational polynomial morphism / : 
A 2 — > A 2 , we may compactify A 2 to a smooth projective surface, such that / 
extends to a birational transformation on X and there is a fixed point Q in X 
such that / contracts all curves at infinity to Q (see [11] and Section ISTTj) . 

Our idea is to take advantage of this attracting fixed point and to apply the 
following local version of the Dynamical Mordell-Lang conjecture. 

Theorem 1.1. Let X be a projective surface over an arbitrary valued field (K, | • |) 
and f : X —• » X be a birational transformation defined over K . Let C be any 
curve in X and p be any point such that f n (p) 6l \ /(/) for all integers n > 
and f n (p) tends to a fixed point Q e 7(/ _1 ) \ 1(f) with respect to a projective 
metric induced by | • | on X . 
If the set 

{n e N| f n (p) G C} 
is infinite, then either f n (p) = Q for some n > or C is fixed. 

We now rely on a global argument. When the curve C is passing through 
the fixed point Q in X, we cover the Q-points of the curve C by the basin of 
attraction of Q with respect to all absolute values on Q. If the point p belongs to 
one of these attracting basins, then the local dynamical Mordell-Lang Theorem 
applies and we are done. Otherwise it is possible to bound the height of p and 
Northcott theorem shows that it is periodic. 

When neither the curve C nor its iterates contain the fixed point Q, then we 
are in position to apply the next result which allows us to conclude. 

Theorem 1.2. Let X be a smooth projective surface over an algebraically closed 
field, f : X X be an algebraically stable birational transformation and C 
be an irreducible curve in X such that f n does not contract C for any n. If 
f n {C) f]I(f) 7^ for all n, then C is periodic. 

The article is organized in 8 sections. In Section [2] we give background infor- 
mations on surface birational maps and metrics on projective varieties defined 
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over a valued field. In Section [3] we prove the Theorem 11.21 which is a criterion 
for a curve to be periodic. In Section H] we define the DML property and prove 
some basic properties of it. In Section [5] we prove Theorem 11.11 the local version 
of the Dynamical Mordell-Lang conjecture. In Section [6] we prove Theorem A in 
the case the dynamical degree A(/) = 1. In Section [7] we prove a technical lemma 
which gives a up bound on height when A(/) > 1. In Section[S]we prove Theorem 
A. 
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2. Notations and basics 

2.1. Basics on birational maps on surfaces. See [SI El IH] for details. 

In this section a variety is defined over an algebraically closed field k. Recall 
that the resolution of singularities exists for surfaces over any algebraically closed 
field (see PJ). ' 

Let X be a smooth projective surface. We denote by N X (X) the Neron-Severi 
group of X i.e. the group of numerical equivalence classes of divisors on X and 
write A^ 1 (X)]g := A^ 1 (X)®M. Let <fi : X — > Y be a morphism of smooth projective 
surfaces. It induces a natural map 4>* : N l (Y)^ — > A rl (X) K . Since dim A 7 " = 2, 
one has a perfect pairing 

N^X^xN^X^^R, (5, 7) — >■ (5 - 7) 6 R 

induced by the intersection form. We denote by 0* : A^ 1 (X) K — >■ AT 1 (F) R the dual 
operator of 4>*. 

Let X,Y be two smooth projective surfaces and / : X —• » Y be a birational 
map. We denote by 1(f) C X the indeterminacy set of /. For any curve C G X, 
we write f(C) := f(C \ 1(f)) the strict transformation of C . 

Let / : X — > X be a birational transformation and T be a desingularization 
of its graph. Denote by 71*1 : V — > X, tt 2 : T — > X the natural projections. Then 
the diagram 

r (*) 




is commutative and we call it a resolution of /. 

Proposition 2.1 ([IS])- We have the following properties. 

(i) The morphisms tti,tt2 are compositions of point blowups. 

(ii) For any point Q (jL 1(f), there is a Zariski open neighborhood U of p in X 
and an injective morphism o : U — T such that 7Ti o a = id. 

Then we define the following linear maps 

f* = n U 7r* 2 :N 1 (X) R ->N 1 (X) R , 
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and 

f. = ir 2 *nl--N 1 (X) R ^N 1 (X) R . 

Observe that /* = f^ 1 *. 

Note that in general we have (/ o g)* ^ g*f*. 

For any big and nef class u G N^(X), we set 

degj/) := (f*u-u), 

the limit lim^oo deg^(/ n ) 1 / n exists and does not depend on the choice of u 
(see [HIS]). We denote this limit by A(/) and call it the dynamical degree of /. 

Definition 2.2 (see [8]). Let / : X — > J be a birational transformation on a 
smooth projective surface. Then / is algebraically stable if and only if there is 
no curve V C X such that f n (V) C /(/) for some integer n > 0. 

In the case X = P 2 , / is algebraically stable if and only if deg(/ n ) = (deg/) n 
for any n G N. 

Theorem 2.3 Q8j). Let f : X ---» X be a birational transformation of a smooth 
projective surface. Then there exists a smooth projective surface X, and a proper 
modification 7r : X — > X such that the lift of f to X is an algebraically stable 
map. 

A compacti f ication of A 2 is a smooth projective surface X admitting a bi- 
rational morphism 7r : X ---> P 2 that is an isomorphism above A 2 C P 2 , see 

nu. 

The following theorem which comes from [TTJ Proposition 2.6] and [HI Theorem 
3.1] provides us a good compactification for our study. 

Theorem 2.4 ([H]). Let f : A 2 — > A 2 be a birational polynomial transforma- 
tion with X(f) > 1. Then there exists a compactification X of A 2 satisfying the 
following properties. 

(i) The map f extends to an algebraically stable map f on X . 

(ii) There exists a f -fixed point Q G X \ A 2 such that df 2 \q = 0. 
(hi) There exists an integer n > 1 such that f n (X \ A 2 ) = Q. 

2.2. Branches of curves on surfaces. |13j [17] Let X be a smooth projective 
surface over an algebraically closed field k, C be an irreducible curve in X and p 
be a point in C. 

Let Ic, P be the prime ideal associate to C in the local function ring Ox, P and 
Ic >p be the completion of Ic, p in the completions of local function ring Ox, p - 

Definition 2.5. A branch of C at p is a prime ideal pc, P of Ox, P with height 1 
which contains Ic, P - 
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Let % : C — > C is a normalization of C and p a point in i l (p), the morphism 
i : C — > C induces a morphism %* : Ox v ~~ @r n between the completions of local 

if o ,p 

function rings. The map p (->■ p p :— keri* give us an one to one correspondents 
between the set of branches of C at p and the set So we may view a branch 

of C as a triple (i,C,p) up to the following equivalent relations: two branches 
(i,C,p) and (i',C',p) are equivalent if there exists an isomorphism 6 : C —t C 
over C sending p to p' . 

Given any two different branches C p = (i,C,p) and D q = (j, D,q) at p and q 
respectively, we define the intersection number by 

t(j .£))=/ dim fe OxvH$c$+Pd$), when p = q = r; 
p q r \ 0, ohterwise. 

If D := j(-D) is different from C := i{C), we may also define the intersection 
numbers by 

(C p ■ D) r = (D ■ Cp) r = J2 (C r -(j,D,q)) 

and 

(C-D) r = ((i,C,p)-(j,D,q)). 

pGj" 1 (r),gejr'- 1 (r) 

The following proposition shows that our definition is agree with the usual defi- 
nition of intersection number of curves. 

Proposition 2.6. We have 

(C-D)= ((hC,p)ij,D,q)) r = E ((i,C,p)-(j,D,q)) r 

peC\q£D,r£X r&C f]D P&- 1 (r),^'" 1 (r) 

Let Z be a smooth projective surface and / : X ---» Z be a birational map. 
If / does not contract C then we denote by f(C p ) := (/ o i,C,p) and call it the 
strict transformation of C p . Observe that f(C p ) is a branch of f{C) and when 
p ^ /(/), we have that f(C p ) is a branch of curve at f(p). 

If / is regular at p, we write 

/(C p ), when / does not contracts C p ; 
0, ohterwise. 



f*Cp — 



Let Y be another smooth projective surface and n : Y — > X be a birational 
morphism. Denote by 7r*C p := 7r _1 (C) the strict transformation of C p . Let 
Ei, i = 1, • • • ,m be the exceptional curves of 7r. There is a unique sequence 
of non negative integers (aj)o<i< m such that for any irreducible curve D in Y 
different from 7r # C, we have (C p ■ ir^D) = (-k*C p + YlT=i a i^i ' ®)- Denote by 
n*C p := 7T*C P + J2iLi a iEi and call it the pull back of C p . 

Proposition 2.7. We have the following properties. 
(i) We have ir*ir*C p = C p . 
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(ii) For any irreducible curve ( resp. branch of curve) D in Y different from 
7r # C ( resp. n#C p ), we have 

(n*C p -D) = {C p -<k*D). 

(iii) For any curve ( resp. branch of curve) D in X different from C ( resp. 
C p ) then we have 

(C p -D)= (k*C p -tt*D) x . 

2.3. Absolute values on fields. (See [20]) At first, we recall the definition of 
absolute values on fields. 

Definition 2.8. An absolute value on a field A is a function 

| • | : A -»■ [0,+oo) 

satisfies the following properties: 

(i) \x\ = if and only if x — 0; 

(ii) \xy\ = \x\\y\; 

(iii) | a; + y\ < \x\ + \y\. 

The absolute value is said to be nonarchimedean if it satisfies (iii') \x + y\ < 
max{|x|, \y\}. 

In our paper, a key idea is to use all nonequivalent absolute values on a field 
at the same time to get more information. For completeness, we give a brief 
introduction of place on number fields and function fields of curves, see [2U] for 
more discussions. 

Definition 2.9. The set of places on Q, which is denoted by M.q consists of 
the following absolute values: 

(i) the usual absolute value | • : x i— > maxjx, — x} for any x G Q; 

(ii) for any prime p, the p— adic absolute value | • | p : \p n a/b\ p i— > n where 
a, b G Z and p J(ab. 

The usual absolute value | • |oo is the only one archimedean place of Q. 

Let A/Q be a number field. The set of places on A is denoted by Mk and 
consists of all absolute values on A whose restriction to Q is one of the places 
in A4q. Further we denote by Ai^ := {v G A4k\ \ • \ v \q = I • |oo} the set of 
archimedean places; and by MP K := {v G M.k\ I ' I«Iq — I " Ip f° r some prime p G 
N} the set of nonarchimedean places. 

When v is non-archimedean, there exists an embedding a v : A C or R such 
that | • |t, is the restriction of the usual absolute value. 

Definition 2.10. For any place v G Mr, we denote by K v the completion of A 

at v and by n v := [K v : Q v ] the local degree of v. 

In parallel, we define the set of places on function fields. 
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Definition 2.11. Let C be a a smooth projective curve defined over an alge- 
braically closed field k and L := K(C) be the function field of C. The set of 
places on L, denoted hy M. L consists of the absolute values of forms: for any 
closed point p6C, 

\-\ p :x^ e ord " {x) 

for any x G L. 

Let K/L be a finite field extension. The set of places on K is denoted by 
M.K and consists of all absolute values on K whose restriction to L is one of the 
places in A4l- In this case, all the places in M. K are nonarchimedean. We define 
M° K = Mr and Mr = for convenience. For any place v G Mr, we denote by 
n v := [K v : L v \ the local degree of v. 

Let K/L be a finite field extension where L = Q or a function field K(C) of a 
curve C. We denote by O v := {re G if | \x\ v < 1} for any v G A^^. In the number 
field case, we denote by Ok the ring of integers of K i.e. Ok — {x G K \ \x\ v < 
1 for all v G M° K }- 

Proposition 2.12 (Product Formula). Let K/L be a finite field extension where 
L = Q or a function field K{C) of a curve C . Then we have 



n 



\A7 = 1 



v£Mk 

for all x G K*. 

2.4. Metrics on projective varieties defined over a valued field. A field 
with an absolute value is called a valued field. 

At first, we define a metric on the projective space over any valued field as 
follows. 

Definition 2.13. Let (K, | • |„) be a valued field. For any integer n > 1, we define 
a metric d v on the projective space F n (K) by 

d v ([x x n ], [y : • • • : y n \) 

for any two points [x : • • • : x n ], [y : • • • : y n ] G P n (if). 

Observe that when | • |„ is archimedean, the metric d„ is not induced by a 
smooth riemannian metric. However it is equivalent to the restriction of Fubini- 
Study metric on P n (C) or P n (M) to F n (K) induced by a v . 

More generally, for a projective variety X defined over (K, \ ■ \ v ), if we fix an 
embedding u : X P n (if), we may restrict the metric d v on P n (if) to a metric 
c4,,i on X. This metric depends on the choice of embedding i in general, but for 
different embeddings i\ and t 2 , the metrics d VM and d v>L2 are equivalent. Since 
we are mostly intersecting in the topology induced by the metric we shall usually 
write d v for d v L for simplicity. 



maxo<jj< n 


\x(ijj Xjyi, 


V 


max <j<„ 


x% | 


„maxo<j<„ \yj\ v 
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3. A CRITERION FOR A CURVE TO BE PERIODIC 

Our aim in this section is to prove Theorem 11.21 from the introduction. Let us 
recall the setting: 

(i) Let X be a smooth projective surface over an algebraically closed field. 

(ii) Let / : X ---> X be an algebraically stable birational transformation. 

(iii) Let C be an irreducible curve in X such that f n does not contract C and 
/ n (C) fV(/) ^ for all n. 

Let us begin with the following special case. 

Lemma 3.1. Let x be a point in 1(f) f]C . If there is a branch s of C at x such 
that f n (s) is again a branch at x for all n > 0, then C is fixed. 

Proof of Lemma IJ.il Since / is birational, we chose a resolution of / as in the 
diagram (*) in Sectin I2TT1 

If C is not fixed, we have f(s) ^ s and set A = (s • f(s)) x < oo. By Proposition 
I2.1[ 7T2 is invertible on a Zariski neighbourhood of x. Set F x the fiber of 7Ti at x. 

For any m > 0, we have, 

((f m (s) ■ f m+1 (s)) x = £ frtris) ■ <f m+1 (s)) y 

>(*tr{s)-Kir + \s))^ x) 
=(4r(s) ■ 4r + \s)\-, (x) + (vrfr ( S ) . f x )^ {x) 
=u rn+ \s) ■ r +2 (s)) x + (4r( S ) ■ f x )^ {x) 
>(f m+ \s)-r +2 (s)) x + i. 

It follows that A = (s • f(s)) x > (f m (s) ■ f m+1 (s)) x + m > m for all m > which 
yield a contradiction. □ 

We now treat the general case. 

Proof of Theorem[TM Recall that f n does not contract C and f n (C)f]I(f) 
for all n. By Lemma 13. 1[ it is sufficient to find a point x G 1(f) f]C such that 
the image by f n of the branch of C at x is again a branch of curve at x for all 
n > 0. By contradiction we suppose that C is not periodic. 
To do so, we introduce 

P(f) = {xe I(f)\ there is m > n 2 > such that f~ ni (x) = f~ n2 (x)} 

and 

0(f) = {r n (x)\xeP(f) and n>0}. 

By definition, 0(f) is finite. Since / is algebraically stable, 0(f) = 0(f n ) for all 
n > 1. Replacing / by f l for a suitable I > 1, we may assume that 0(f) = P(f). 
Set N(f) = 1(f) -P(f). 

At first, we prove 
Lemma 3.2. For all n>0, f n (C)f]0(f) ^ 0. 
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Proof of Lemma WTB. We assume that /(/) = {pi, ■ ■ ■ ,p m } and define the map 

F=(f-\--- ,f- 1 ):X m -*X m . 
Denote by 7^ the projection to the i-th factor and set 

m 

i=i 

Set q = (pi, ■ ■ ■ ,p m ) a point in X m . Our hypothesis implies that F n (q) G D for 
all n > 0. Let Z' be the Zariski closure of {F n (q)\n > 0}. Then Z' C D. Let Z 
be the union of all positively dimensional irreducible components of Z'. If Z = 0, 
then is / _1 -preperiodic for all i. Otherwise since {F n (q)\n > 0}f] 1(F) = 0, 
the proper transformation of Z by F is well defined and satisfies F(Z) = Z, hence 
each irreducible component of Z is periodic. Let / be a common period for all 
components of Z. For any component W, there exists one i g {1, • • • , m} such 
that W C 7T l ~ 1 (C). In other words, there exists > such that f~ ln ~ k (pi) G C 
for all n > 0. If is not / _1 -preperiodic, then C is the Zariski closure of 
{f ln {Pi)\ n — 0} which is /"'-invariant. This implies C to be periodic and 
contradicts to our hypothesis. It follows that pi is / _1 -preperiodic. 

Repeating the same argument for f n (C), we have f n (C)f]0(f) ^ for all 
n > 0. □ 



Denote by D(n) the number of branches of f n (C) at points of O(f) and set 

S = {x G 0(/)| there are infinitely many n > such that a; G / n (C)}. 

Since f'\0(f)) C 0(/), we have /"(x) G 0(/) implies x G 0(/). It follows 
that -D(n) is decrease and nonzero. There is an integer M, such that for n > M, 
D(n) stabiles. We may replace C by f (C) and assume that D(n) is constant 
for n > 0. Then for each branch of curve of f n (C) at a point in O(f), its image 
by / is a branch of f n+1 (C) at a point of O(f). By the definition of S and the 
finiteness of O(f), we have 

nc)f|o(/) = r(c)f|,s 

for all integer n > 0. 

According to Lemma I3.1[ the following lemma concludes our proof. 

Lemma 3.3. Replacing f by a positive iterate, there exists a point x G C f] S 
for which there is a branch s of C such that f n (s) is again a branch of curve at 
x for all n > 0. 

□ 

Proof of Lemma \3. 3[ Chose a resolution of / as in the diagram (*) in Section I2TT1 
For any point x G S, denote by F x the fibre of 7i"i at x and E x = iT2(F x ) f] S. 

We have E x ^ 0. Otherwise, there exists n > for which x G f n (C) and a 
branch s of f n (C) at x. The assumption E x = implies that f(s) is not a branch 
at any point in S. This shows that D(n + 1) < U(n) and we get a contradiction. 
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On the other hand, let x±,x 2 be two different points in S. If E X1 f]E xl ^ 0, 
there exists y G S such that y G n 2 (F Xl ) f]n 2 (F X2 ). By Zariski's main theorem, 
n 2 1 (y) is a connected curve meeting F X1 and F X2 . So 7Ti(7r^ 1 (y)) is a curve and it is 
contracted by / to y G S C /(/). This contradicts the fact that / is algebraically 
stable. So we have 

E X1 f| E X1 = ir 2 (F xl ) f| ir 2 (F X2 ) P| S = 0. 

Set T = Uzes ^ a subset of 5. Since #£ x > 1 for all x, we have #T > #5. 
It follows that T = S and j^E x = 1 for all x G 5. This allows us to define a map 
G : 5 — ?> 5 sending i G 5 1 to the unique point in E x . Then G is an one to one 
map. For all n > M, f sends a branch of f n (C) at a point x G S to a branch 
of / n+1 (C) at the point G(x). By replacing / by f^* s ^, we may assume that 
G = id. Then for any x e S f]C and s a branch of C at x, we have f n (s) is again 
a branch at x for all n > 0. □ 



4. The DML property 

Definition 4.1. Let X be a smooth surface defined over an algebraically closed 
field, and / : X X be a birational transformation. We say that the pair 
(X, /) satisfies the property DML if for any curve C on X and for any closed 
point peX such that f n (p) 1(f) for all n > 0, the set {n G N| f n (p) G C} is 
a union of at most finitely many arithmetic progressions. 

In our setting the property DML is infact equivalent to the following seemingly 
stronger property. 

Proposition 4.2. Let X be a smooth surface defined over an algebraically closed 
field, and f : X --■» X be a birational transformation. The following statements 
are equivalent. 

(1) The pair (X, f ) satisfies the property DML. 

(2) For any curve C on X and any closed point p G X such that f n {p) 
/(/) for all n > and the set {n G N|/ n (j») G C} is infinite, then p is 
preperiodic or C is periodic. 

Proof. Suppose (1) holds. Let C be any curve in X and p be a closed point in X 
such that f n {p) £ 1(f) for all n > 0. Assume that the set {n G N| f n (p) G C} 
is infinite. The property DML of (X, /) implies that there are integers a > 
and b > such that f an + h (p) e C for all n > 0. If p is not preperiodic, the set 
O aj6 := {/ an+f, (jo)| n > 0} is Zariski dense in C and f a (O a , b ) C 0>6 . It follows 
that f a (C) C C, hence C is periodic. 

Suppose (2) holds. If the set 5 := {n G N| / n (p) G C} is finite or p is 
preperiodic, there is nothing to prove. So we assume that S is infinite and p 
is not preperiodic. The property (2) implies that C is periodic. There exists 
an integer a > such that f a (C) C C. So 5 is a finite union of sets of form 
{an + b\ n> 0} where b > is an integer, and it follows that (X, /) satisfies the 
property DML. □ 
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Theorem 4.3. Let X be a smooth surface defined over an algebraically closed 
field, and f : X — - > X be a birational transformation, then the following proper- 
ties hold. 

(i) For any m > 1, (X, f) satisfies the property DML if and only if (X, f m ) 
satisfies the property DML. 

(ii) Suppose U is an open subset of X such that the restriction f\u : U — > U 
is a morphism. Then (X, f) satisfies the property DML, if and only if 
(U, fp) satisfies the property DML. 

(iii) Suppose tt : X — > X' is a birational morphism between smooth projective 
surfaces, and f : X — - > X , f : X' —• » X' are birational maps such that 
tt o / = /' o 7r. If the pair (X, f) satisfies the property DML, then (X', f) 
satisfies the property DML. 

(iv) Suppose tt : X — > X' is a birational morphism between smooth projective 
surfaces, and f : X — -> X , f : X' X' are birational transformations 
such that tt o / = /' o tt. If f is algebraically stable and the pair (X', /') 
satisfies the property DML, then (X, /) satisfies the property DML. 

Definition 4.4. Let X be a smooth projective surface defined over an alge- 
braically closed field and /:X--->Xbea birational transformation. We say that 
(X', /') is a birational model of (X, /) if there is a birational map it : X' —• » X 
such that 

/' = 7T" 1 o / O TT. 

Corollary 4.5. Let X be a smooth projective surface defined over an algebraically 
closed field and f : X ---» X be an algebraically stable birational transformation 
such that (X, /) satisfies the property DML. Then all birational models (X', /') 
of (X, /) satisfie the property DML. 

Proof of Theorem \4-3\ (i). The "only if part is trivial, so we only have to due 
with the "if part. We assume that (X,f m ) satisfies the property DML. Let C 
be a curve in X and p be a point in X such that f n (p) 1(f) for all n > and 
the set 

{n e N\ f\p) e C} 

is infinite. Since 

m— 1 

{n g N| f n {p) e C} = |J {n e N\ f nm (f( P )) e C}, 

i=0 

then for some i, the set {n G N| f nm (f l (p)) G C} is infinite. Since (X, f m ) 
satisfies the property DML, C is periodic or f l (p) is preperiodic. It follows that 
C is periodic or f(p) is preperiodic. 

(ii). If (X,/) satisfies the property DML, since fm : U — > U is a morphism, 
(U, f\u) satisfies the property DML. 

Conversely suppose that (U, f\u) satisfies the property DML. Let C be an 
irreducible curve in X and p be a closed point in X such that f n {p) 1(f) 
for all n > and the set 

{n G N\f n (p) G C} 
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is infinite. The set E = X — U is a proper closed subvariety of X. If p G [/, 
then we have that C $2 F. Since ({7, satisfies the property DML, we have 
either p is preperiodic or C is periodic. Otherwise, we may assume that for all 
n > 0, f n (p) G E, then the Zariski closure D of {f n (p)\ n > 0}, contains in E. 
We assume that p is not preperiodic, then CCD. Since F is fixed, we have that 
C is periodic. 

(in). It is sufficient to treat the case when 7r is the blowup at a point q G X'. 
Let C" be a curve in X' and p' be a point in X' such that f' n (p') G" 7(/') for all 
n > and the set {n G N| f' n {p') G C"} is infinite. We assume that p' is not a 
periodic point, and then we have that for n large enough, / n (p') ^ q. Replacing 
P by / m (p') for some m large enough, we assume that / n (p') ^ q for all n > 0. 
Set p = 7r~ ^(p') and C = Tr~ x (C), then we have / n (p) G" /(/) for all n > and 
the set 

{n G N| / n (p) G 
is infinite. This implies C and then C" to be periodic. 

(iv). Let C C X be a curve and p be a point in X such that / n (p) G" /(/) for 
all n > and the set {n G N| f n (p) G C} is infinite. We may assume that C is 
irreducible. Let E be the exceptional locus of 7T. 

Lemma 4.6. If C Q E and tt(C) is a pomt m I(f'), then (iv) holds. 

Proof of Lemma \4^o] Set q := ir(C) G /(/')• Since /' is algebraically stable, we 
have q G" I((f')~ n ) and 

<r n {c)) = (f'r n ( q ) 

for all n > 1. It follows that f~ n (C) is a point or an exceptional curve of 7r for 
n > 1. 

If there exists I > 1 such that f~ l (C) is a point, we pick two integers n\ > n 2 > / 
such that f ni (p), f U2 (p) G C. Then f ni ~ l (p) = f n2 ~ l {p), which implies p to be 
preperiodic. 

Otherwise f~ n {C) is an exceptional curve of tt, for all n > 0. Since there are 
only finitely many irreducible components of E, we have that C is periodic. □ 

Denote by K = ^(/(J')). 

Lemma 4.7. 7/ there are infinitely many n > snc/i £/mi / ra (jo) G X, i/ien (^wj 

Proof of \J^.l\ There is an irreducible component F of K such that the set {n > 
0| / n (p) G F} is infinite. 

If F is a point, then p is preperiodic. 

Otherwise F is a curve, then F <Z E and 7r(F) C I(f'). Suppose that p is not 
preperiodic, Lemma 14.61 shows that F is periodic. Then F' = [J k>0 f k {F) is a 
curve and f n (p) C F' for all n > 0. If C C F', then C is periodic? If C % F', 
then C P) F' is finite, and this shows that p is preperiodic. □ 

Lemma 4.8. IfCCE, then (iv) holds. 
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Proof. By Lemma 14 .7\ we may assume that there exists an integer N > 0, such 
that f n (p) <£ K for all n > N. 

Set q := vr(C). By Lemma [4 .61 we assume that q G" I{f')- Then we have 

Af N+l ( P )) = f' l (rr(f N (p))) 

for I > 0. It follows that there are infinitely many / > 0, such that f' l {ir{f N (p))) = 
q. Then q is preperiodic and the obit of f N (q) does not meet /(/')• Since 
7r(/ n (C)) = /'"(g) for all n > 0, we have / n (C) C Uj^jv 71 "" 1 (/*(?)) for a11 
n > N. Hence ether C is periodic or for some n > 1, f n {C) is a point. In the 
second case, we conclude that p is preperiodic. □ 

Let L = K\JE. 

Lemma 4.9. If there are infinitely many n > such that f n (p) G L, then (iv) 
holds. 

Proof of Lemma \4.9[ There is an irreducible component F such that {n > 0| f n (p) G 
F} is infinite. 

If F is a point, then p is preperiodic. 

Otherwise F is a curve, then F <Z E. Suppose that p is not preperiodic, Lemma 
14.81 shows that F is periodic. Then F' = {J k>0 f k {F) is a curve and f n (p) C F' 
for all n > 0. If C C F', then C is periodic. Otherwise C % F', we have that 
C f] F' is finite and then p is preperiodic. □ 

We may assume that there is an integer M > 0, such that f n (p) L for all 
n > M. 

If C % E, 7r(C) is a curve. For all I > we have 

vr(/ A/+ '(p)) = /'(7r(/ M (p))) ^ /(/'). 

Since (X', /') satisfies the property DML, either 7r(C) is periodic or 7r(p) is prepe- 
riodic. When 7r(C) is periodic, we have C is periodic. Otherwise 7r(p) is prepe- 
riodic. For any / > 0, 7r is invertible on some Zariski neighborhood of the point 
/ (7r(/ (p))) and then we conclude that p is peperiodic. □ 

Proof of Corollary \4-5\ Pick K a desingularization of the graph of / and set tti, tt2 
the projections which make the diagram 




to be commutative. Since / is algebraically stable, its lift to Y satisfies the prop- 
erty DML by Theorem 14.31 (iv). We conclude that (X',f) satisfies the property 
DML by Theorem EH (hi) • □ 
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5. Local dynamical Mordell Lang theorem 
The aim of this section is to prove Theorem 11.11 

Proof of Theorem Pick a resolution of / as the diagram (*) in Sectin l27Ll and 
recall Proposition 12.11 Assume that for all n > 0, f n (p) ^ Q. There is an infinite 
sequence {n k } k > such that f nk {p) G C\{Q}. It follows that f n *~ m (p) e f~ m {C) 
for k large enough. With k — > oo, we get Q G f~ m (C) for all m > 0. 

If C ^ f~\C), then we have f~ m {C) ^ /~ m-1 (C) for all m > 0. We may 
calculate the local intersection of them at Q. We have 

(r m (c)-r m -\c)) Q = e {Ar m (c)-4r m -\c)) x 

s 

= E (K # r m (c) + E^(r m (c)) J E; i )-vr 2 # r m - 1 (c)) a 

xStt-^Q) »=1 

(5.1) 

where 1 < i < s are irreducible exceptional curves of 7r 2 . Since 

s 

i=l l<i<s 

we have 

s 

(5.1)= £ (wf /""(CO - tt* /-"-^CT)), + ((^^(/-"(CO)^) ■ Trf/^-^CT)) 
> E (vr 2 # r m (^)-vr 2 # r m - 1 (C)), + l 

x€tt- 1 (Q) 

=nr m -\c))-a(r m - 2 (c))u Q) + i 
Hr m -\c)-r m - 2 {c)) Q + i. 

It follows that 

o < (r m (c)-r m -\c)) Q < (r m+ \c)-r m (c)) Q -i < ... < {c-r\c)) Q -m 

for all m > 0, which yieds a contradiction. So we have C = f~ l (C) and then 
f{C) = C. ' □ 

Observe that our proof of Theorem 11.11 actually gives 

Proposition 5.1. Let X be a projective surface over an algebraically closed field 
and f : X — ■> X be a birational map with a fixed point Q G J(/ _1 ) \ /(/)• Then 
all periodic curves passing through Q are fixed. 

6. The case A(/) = 1 

In this section, we prove Theorem A in the case A(/) = 1. Denote by K an 
algebraically closed field of characteristic 0. 

Recall from [8] and [11], that if A(/) = 1, then we are in one of the following 

two cases: 
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(1) there exists a smooth projective surface X and an automorphism /' on X 
such that the pair (X, /') is birationally conjugates to (A 2 , /); 

(2) in suitable affine coordinate, f(x,y) = (ax + b,A(x)y + B(x)) where A 
and B are polynomials with A ^ and a £ K*,b £ if. 

In case (1), [3J Theorem 1.3] of Bell, Ghioca and Tucker implies our Theorem 
A immediately, so we only have to consider case (2). Though out this section we 
shall always assume that 

f{x,y) = (ax + b,A(x)y + B(x)) (**) 

with A, B £ K[x], A ^ 0, a £ K* and b £ K. 

6.1. Algebraically stable models. Any map of the form (**) can be made to 
be algebraically stable in a suitable Hirzebruch surface F n for some n > 0. It 
is convenient to work with the presentation of these surfaces as a quotient by 
(G m ) 2 , as in [2J. By definition, the set of closed point ¥ n (K) is the quotient of 
A 4 (if ) \ ({xi = and X2 = 0} {J{x 3 = and x 4 = 0}) by the equivalence relation 
generated by 

(xi,X 2 ,X3,X 4 ) ~ (Axi, Ax 2 ,/iX3,/i/A n X 4 ) 

for A, [A £ if*. We denote by [xi,x 2 , x 3 , x 4 ] the equivalence class of (xi, x 2 , x 3 , x 4 ). 
We have a natural morphism n n : F n — > P 1 given by 7T n ([xi,x 2 , x 3 , x 4 ]) = [x 1 : x 2 ] 
which makes F n into be a locally trivial P 1 fibration. 
We shall look at the embedding 

i n : A 2 ■=— )■ F n : (x,?/) ^ [x, 1]. 

Then F n \ A 2 is union of two lines: one is the fiber at infinity of 7r n , and the 
other one is a section which we denote by L^. 

Recall that / has form (**). For each n > 0, set d = maxjdeg A, degB — n}. 
By the embedding i n , the map / extends to a birational transformation 

f n : [xi, x 2 , xs, x 4 ] i — ^ [axi + bx 2 , x 2 , A(xi/x 2 )x2X 3 + B(xi/x2)x2 +n x 4: , x^Xi] 

on F n . For any n > deg B — deg A + 1, we have d = deg A and 

I(f n ) = {[x 1 ,x 2 ,x 3 ,x A ] £ F„|x 2 = x 3 = 0}. 

The unique curve which is contracted by /„ is = {x 2 = 0} and its image is 
fn(Foo) = [1,0, 1,0]. It implies the following: 

Proposition 6.1. For n > degB — deg A + 1, f n is algebraically stable on ¥ n 
and contracts the curve F^ to the point [1, 0, 1, 0]. 

6.2. The attracting case. In the remaining of this section, we shall fix an 
integer m such that the extension of / to F m is algebraically stable. For simplicity, 
we write / for the map f m induced by / on F m . 

Proposition 6.2. Let \ ■ \ be an absolute value on K such that \a\ > 1. Then 
(F m , /) satisfies the property DML. 
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Proof. Since a ^ 1, by changing coordinate, we may assume that / = (ax, A(x)y+ 
B(x)). Since / contracts the fiber at infinity to O := H-^oo, the point O 
is fixed and the two eigenvalues of df at O are 1/a and 0. Since \a\ > 1, there 
is a neighbourhood C/ of O, such that f7 p| Z(/) = 0, f(U) C £/ and / n O 
uniformly on Z7. 

Let C be an irreducible curve in ¥ 2 K and p be a point in K 2 K such that the set 
{n £ N| / n (p) £ C} is infinite. By Lemma S3] we may assume that p £ A^- and 

If C(~) Foe = {O}, there is an open set V of F l K , such that [1 : 0] £ V and 
7r m 1 (^) f]C C U. Since |a| > 1, for n large enough, / n (p) £ n^iV). So there is 
an integer m > such that / ni (p) £ U. Theorem 11.11 implies that the curve C is 
fixed. 

We may assume now that f n (C) H-^oo 7^ {0} for all n > 0. 

If C P) -Fqo = 0, then C is a fiber of the rational fibration n m : ¥ m — > P 1 . Since 
{n £ N|/ n (p) £ C} is infinite, the curve C is fixed. 

Finally assume that f n {C) H-^oo 7^ for all n > 0. Since / contracts i 7 ^ to O, 
we have 

r(c)f|/(/)^0, 

and we conclude by Theorem 11.21 that C is periodic in this case. □ 
6.3. The general case. 

Proposition 6.3. The pair (F m , /) satisfies the property DML. 

Proof. Let C be a curve in F m , and p be a point in Af^ such that the set {n > 
0|/ n (p) ^ C} is infinite. We may assume that the transcendence degree of K 
is finite, since we can find a subfield of K such that it has finite transcendence 
degree and /, C and p are all defined over this subfield. 

In the case / acts on the base as the identity, the proposition holds trivially. 
Assume that it is not that case. Let O = f] F^. As in the proof of Proposition 
16.21 we only have to consider the case C H-^oo — O. 

If a is a root of unity, we may replace / by f n for some integer n > and assume 
that a = 1 and 6 = 1. Since the transcendence degree of K is finite, we may embed 
K in the field of complex numbers C. Let | • | be the standard absolute value on 
C. Since / contracts F^ to O, there is a neighborhood U of O with respect to the 
usual euclidian topology such that for all point q EU n{( x > 2/) 6 C 2 Re(x) > 0}, 
we have lim n ^ 00 / n (g) = O. Since Cf)Foo = O, there exists M > 0, such that 
C H{( x > y)\ Re(x) > M} C U and we conclude by using Theorem II .11 in this case. 

If a is an algebraic number over Q and is not a root of unity, by [20l Theorem 
3.8] there exists an absolute value | • |„ (either archimedean or non-archimedean) 
on Q such that \a\ v > 1. This shows that (F m , /) satisfies the property DML by 
Proposition 16.21 

If a is not an algebraic number over Q, we claim that there exists a field 
embedding i : K C such that \t(a)\ > 1, and we may conclude again by using 
Proposition 16.21 
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It thus remains to prove the claim. There is a subring R of K which is finitely 
generated over Q, such that /, C and p are all defined over R. There is an integer 
/ > 0, such that R = Q[t%, ■ ■ • , tj\/I, where I is a prime ideal of Q[t\, ■ ■ ■ ,ti]. It 
induces an embedding SpecR := V C A^. We set 

^:=^x Spec QSpecCCA^. 

For any polynomial F G Q[£i, ■ • • ,ti] \ I, we also define Vp := {F = 0}. Then 
Vc \ Vp is a dense open set in the usual euclidian topology Since Q[ti, • ■ ■ ,ti]\I 
is countable, the set V<c \ (Ufeq^i - k\\i ^f) * s dense. We view a as a nonconstant 
holomorphic function on Vq, there is a open set W C Vc such that |a| > 1 on W. 

Pick a closed point (s±, • • • ,si) G W \ (UfsQ^i ■■■ ijlU^) an< ^ consider the 
unique morphism t : i? = Q[ti, ■ ■ • ,t{\/I — > C sending tj to Sj. This morphism is 
in fact an embedding. We may extend it to an embedding of K as required. □ 

7. Upper bound on heights when A(/) > 1 

7.1. Introduction to heights. This section is a brief introduction to heights 
and their main properties. See [18] or [19] for detail. In this section, we denote 
by C a smooth curve defined over an algebraically closed field and by K(C) its 
function field. 

Proposition-Definition 7.1. Let K/L be a finite field extension where L = Q 
or K(C), and p G F n (K) be a point with homogeneous coordinate p = [xq : • • • : 
x n ] where xq, ■ ■ ■ ,x n G K. The height of p is the quantity 

*Mp):=( II max{|x U--- , W*}"') 1/[Jf:Ll . 

The height i7pn (p) does not depend on the choice of homogeneous coordinates of 
p and the choice of field extension K which contains p. 

When L = K(C), we have a geometric interpretation of the height H^n(p). 
Observe that P£ is the generic fiber of the trivial fibration tt : Pg, := P n x C — > C. 
We set s p : D — > Pg, the normalization of the Zariski closure of p in Fq. Then we 

havei/ P n(p) = e deg( ^ 0p & (1)) . 

Proposition 7.2. Let k = Q or the algebraically closure of a function field of a 
curve. Let f : P^ -~> P^™ be a rational map and X be a subvariety of P£ such 
that 1(f) f]X is empty and the restriction f\x is finite of degree d onto its image 
/(*)• 

Then there exist A > such that for all point p G X , we have 

jH pn (p) d < flpm(/(p)) < AH P n(p) d . 

Proposition 7.3 (Northcott Property). Let K/Q be a number field, and B > 
be any constant. Then the set 

{pe¥ n (K)\ H pn (p) < B} 

is finite. 
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7.2. Upper bound on heights. Let K be a number field or a function field 
of a smooth curve over an algebraically closed field. Let / : A 2 ^ — > A^ be any 

birational polynomial morphism defined over K and assume that A(/) > 1. 

According to Theorem 12.4} there exists a compactification X of A^ , a point 
Q G X \ A 2 ^ such that / extends to a birational transformation on X which 
satisfies the following properties up to a positive iteration. 

(i) The map / is algebraically stable on X. 

(ii) There exists a /-fixed point Q G X \ A 2 , such that g?/|q = 0. 

(iii) We have f(X\A 2 ) = Q. 

We fix an embedding X C P^. Let C be a curve in A 2 ^, we extend C to a curve 
in X. 

Proposition 7.4. Suppose that C is non periodic and C \ A 2 ^ = {Q}. Then 
there exists a number B > such that for any point p G C(K) for which the set 
{n G N| f n (p) G C} is infinite, we have H^n(p) < B. 

Proof. Assume that X, f, C and Q are all defined over K and Q = [1 : : • • • : 
0] G P|£. There exists an element a G if* and Fi G (xi, ■ ■ • ,Xn)K[%i, • • • ,%n] 
for i — 0, • • • , iV such that 

/([l : X! : ••■ : %]) = [a + F : F 1 : ■ ■ • : F N ] 

for any [1 : x\ : ■ ■ ■ : xn) G X. Since / is regular at Q and a ^ 0, there is a finite 
set 5 C M° K such that for any v E M.° K \ S, we have |a|„ = 1 and all coefficients 
of / are defined in O v . Recall that we may endow X with a metric d v , see Section 
El 

For any v G A4° K \ S, set r v := 1 and := {x G A(if)| d v (x,Q) < 1}. Since 
= 0, we see that for all x G U v , d v (f(x), Q) < d v (x, Q) 2 , hence 

lim f n (x) = Q. 

n—too 

For any v G S, set r v := \a\ v and U v := {x G A(if)| d v (x,q) < r v }. We see 
that for all x G U v , d v (f(x),Q) < d v (x,Q) 2 /r v , and again it follows that 

lim f n (x) = Q. 

n—too 

For any v G M.^, since df\g = 0, there is r v > such that for any x & U v : = 
{x G X(K)\ d v (x, q) < r v } we have f(x) C C/^ and 

lim / n (x) = Q. 

n— >oo 

If p G U v( z Mk U v , Theorem 11.11 shows that C is periodic and this contradicts 
our assumption. In other words, we have 

peC(K)- |J U v . 



Let 
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be the normalization of C and pick a point Q' G i~ 1 (<5)- There is a positive 
integer I such that IQ' is a very ample divisor of C. So there is an embedding 
j : C ^ P M for some M > such that 

Q= [1:0: •••:()] = H^C 

where = {x M = 0} is the hyperplane at infinity. Let 

g : C ->■ P 1 

be a morphism sending [xo : • • • : %] G C to [io,^m] G P 1 . It is well defined 
since {x — 0} f] f] C — 0. Then g is finite and 

^- 1 ([l:0]) = J ff oo f|C=[l:0...:0]. 

By base change, we may assume that C,i,j,g are all defined over K. 

In the function field case, there is a smooth projective curve D such that 
K = K(D); and in the number field case, we set D = Spec Ox- 

We consider the irreducible scheme C C P^f over D whose generic fiber is C 
and the irreducible scheme X C P^ over D whose generic fiber is X. Then % 
extends to a map i : C ---> X over D birationally to its image. For any v G M° K , 
let 

p v = {x G O v \ v(x) > 0} 

be a prime ideal in O v . There is a finite set T consisting of those places v G 
M° K such that i is not regular along the special fibre Co v /p v at p v G -D or 
^o./p fc n^oo,o./p.^{[l:0:--.:0]}. 
For any u G M° K -T\JS, let 

K ={[1 : xi : ••• : x M ] G |x^ < 1, i = 1, • • • , M} 

={[1 : x x ■ ■ ■ ■ : x M ] G 0(7T)| |x M |„ < 1}. 

Wesett„ := 1 and fi„ := {[1 : x] G P 1 ^)] < l},thenK = g' 1 ^) p\C{K). 
For any t> G T (J 5" (J M.^, by the continuity of i, there is > such that 

i(V v ) G U v 

where V v — {[1 : Xi : • • • : %] G O(^0l < s„,i = 1,---M}. Since <? _1 ([1 : 
0]) = {[1 : : • • ■ : 0]}, there exists t v > 0, such that 

g-\n v )f)ccv v 

where ft„ = {[1 : x[g F X {K)\ \x\ v < t v }. 

Set W := {x G C(Q)| i(x) G X(K) \ LUa4 k Since % is the normalization, 

if %{x) is a K-point of C and re ^ then x is a K-point of C. So j(x) is a 

If -point of P M and g(x) is a if -point of P 1 . 

If j(x) — [xq : • • • : x m ] G W \ ^(/(i" 1 )), then we have x G (7(7*0 \LUm k K, 
so that 

g(x) G P 1 ^) \ ( |J Q v ). 
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For any y = [y ■ Vi] E ^(K) \ (\J veMlc we have \yi/y \ v > t v for all v. Then 
we have 



HAv) [K **= II max{|y |„,| yi |„}^ 



v&Mk 



< 



]| max{|yi| v /^, \yi\ v } nv 



v£Mk 

= n \y^ v n ^{1,1/^ 

= [ [ max{l,l/t v } nv < oo. 

v&Mk 

Proposition 17.21 implies that there is a number A > 0, such that H p m(x) < A for 
all x E W \ 2 _1 (J(i -1 )). We conclude by Proposition 17.21 that there is a number 
B > such that H ¥ n(p) < B for all points p E X(K) \ {J veMl , U v . □ 

8. Proof of Theorem A 

Let C be a curve in A^. We want to show that for any point p G A 2 (Q) such 
that the set 

{n G N| f n {p) E C} 

is infinite, then p is preperiodic. 

According to Section [61 we may assume that A(/) > 1. As in Section |7T2| we 
use Theorem 12.41 to get a compactification X of A^-. For simplicity, we write / 
for / the map induced by / on X. There exists n > 1 such that f n contracts 
X \ A 2 K to a supperattracting fixed point Q E X \ A 2 K . We extend C to a curve 
in X. Suppose that C is non periodic. By Theorem ll.2[ we may assume that 
C(K)\A\K) = {Q}. 

Fix an embedding X <->• for some N > 1. 

We first treat the case K — Q. 

There is a number field K such that both / and p are defined over K. Then 
f n (p) G k 2 (K) for all n > 0. 

Proposition 17.41 and the Northcott Property imply that the set {f n (p)\ n > 
OjnC is finite. Since the set {n G N| f n (p) E C} is infinite, there exists ri\ > 
n 2 > such that f ni (p) = f U2 (p)- We conclude that p is preperiodic. 

Next we consider the general case of an algebraically closed field K of charac- 
teristic 0. 

Let F be the prime field of K. We may assume that tr.d.K/W of K over F is 
finite. We argue by induction on tr.d.JC/F. 

If tv.d.K/¥ = 0, then K = Q and we have already treated. 

If tr.d.-fT/F > 1, then there is an algebraically closed subfield k of K such that 
tr.d.fc/F = tr.d.if/F - 1. 

There is a smooth projective curve D over k, such that X,f,p,Q and C are 
defined over the function field K(D) of D. 
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We consider the irreducible scheme 

7T : X C P^ -> D 

over T> whose generic fiber is X and C C P^ the Zariski closure of C in X . 

The map / extends to a birational map /' : X — - > X over T>. For any x £ D, 
denote by X x and C x the fiber of <Y and of C at a; respectively and denote by 
the restriction of map /' to the fiber X x . 

Proposition 17.41 implies that there is a number M > such that for all n > 
either f n (p) G" C or H FN (f n (p)) < M. 

A point s G Xjcid) associates to its Zariski closure in X which is a section of 
7i : ^ — > D. For simplicity, we also write s for this section. Then the height of s 
is 

H ¥ n(s) = e {s - L) 

where L := O p n(1). 

For any section s, observe that 7r induce an isomorphism from s to the curve 
D. We may consider the Hilbert polynomial 

X {L® n , s) = l- g(s) + n(s ■ L) = 1 - g(D) + n log H{s) . 

It follows that there is a quasi-projective /c-variety parameterizes the sections 
s of 7T such that H ¥ n(s) < M. 

Let Ti be the set of points x <E D such that / x . is birational and /(/^T 1 ) f] ^(/a;) 7^ 
0. Observe that Ti is finite. Let T 2 be the set of the points x G D — Ti, such that 
C x is fixed. Since C is not fixed, T 2 is finite. Because is algebraically closed, 
D — (Ti U T 2 ) is infinite. For any point x & D, denote by p x : Mh —> X x the map 
sending s to s(x). Pick a sequence of distinct points {xi G D — (Ti U^2)}i>o- For 
any / > 1, let 

i=l i=l 

We see that any two points Si, s 2 G M H are equal if and only if Pi(s\) = Pi(s 2 ) 
for all i > 0. 

We claim the following lemma, and prove it later. 

Lemma 8.1. Let X be any reduced quasi-projective variety over an algebraically 
closed field k. For any i > 1, let 7ii : X — > Y{ be a morphism. If for any different 
points X\,X2 G X , there exists i > 0, such that tt^xx) 7^ ^(a^)- Then for I large 
enough 

1 1 

p, = x^ 

1=1 i=l 

is finite. 

By Lemma [87T[ there is an integer L large enough, such that the map pi is finite. 
By Proposition 15. 1[ C Xi is not periodic for all i > 1. The set {n > 0\f n (p) G C} 
is infinite, and we denote it by {ni}i> and assume that n i+ i > rij. For any i > 0, 
there exists s, G such that s, = f ni (p). By the induction hypothesis, we know 
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that s no (xi) = f n °(p)(xi) is a preperiodic point of f x . for any 1 < i < L. Then 
the orbit O; of p(xi) in X Xi is finite. So the set 

i 

Pi({s-i}i> ) C JJOi 

i=0 

is finite. Since is finite, then we have {si}i>o is finite. Then there is %\ > 12 
such that Sjj = Sj 2 , and f Un (p) = f ni2 {p)- Then p is preperiodic. □ 

Proof of Lemma \8.1\ We prove this lemma by induction on the dimension of X. 
If dimX = 0, then the result is trivial. 

If dimX > 0, we may assume that X is irreducible. We pick any point 
and let Fi be the fiber of pi which contains x. Observe that 

F l+1 C F h 

so that there is an integer L' > 1, such that for any L > L', 

F L = {}F l . 

l>0 

Since for any point x\ G X — {x}, there exists i > 0, such that 7Tj(xi) 7^ vTj(x), 
we have 

F L = f]F l = {x}, 

l>0 

so that 

dimX — dimpi(X) < dimF^ = 0. 

In particular p^ is generically finite. It means that there exists an open set U of 
Pl(X), such that pl '■ p^ 1 (?7) — > U is finite. Set X' = X — then we have 

dimX' < dimX - 1. 

By the induction hypothesis, there is L" > V , such that for any L > L", Pl\X' 
is finite and then pi is finite. □ 
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